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Abstract: In this addendum to the article JCAP 1912 (2019) no.12, 047 (arXiv:1909.13328)
on the cosmological dependence of non-resonantly produced sterile neutrinos we discuss, us-
ing an analytic treatment, the parameter regions of large active-sterile neutrino mixing angles
where sterile neutrinos can approach thermalization. We show that these additional consid-
erations affect only large active-sterile neutrino mixing already rejected by different limits.
Hence, the allowed sterile neutrino parameter regions are unaffected.
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1 Introduction
In Ref. [1] (from here on Paper I), as well as in its prior abbreviated companion paper [2],
we have considered the cosmological dependence of non-resonantly produced sterile neutri-
nos. We discussed there the sensitivity of sterile neutrino production to cosmologies that differ
from the standard radiation dominated cosmology (STD) before Big Bang Nucleosynthesis
(BBN), specifically before the temperature of the Universe was 5 MeV. Alternative cosmolo-
gies can often appear in motivated theories. As examples, we have considered two distinct
Scalar-Tensor models (ST1 [3] and ST2 [4]), Kination (K) [5–9] as well as Low Reheating
Temperature (LRT) scenario [10–13], besides STD cosmology (see Paper I for a detailed de-
scription). We discussed how the resulting limits and regions of interest in the mass-mixing
(mx, sin2 2θ) plane are affected for a sterile neutrino of mass mx that is assumed to have a
mixing sin θ only with the active electron neutrino.
In Paper I we presented a simplified treatment of sterile neutrino production for the
parameter region where mixing angles are very large. There, the momentum ~p distribution
fνs(E, T ) of sterile neutrinos of energy E = |~p|, which are relativistic at production tempera-
ture T , is not much smaller than the distribution of active neutrinos fνα(E, T ). In part of this
region sterile neutrinos can thermalize in the Early Universe, so that fνs(E, T ) = fνα(E, T ).
When thermalized, sterile neutrinos have the same number density of one active neutrino
species, i.e. during BBN and later ∆Neff = 1 (or close to 1, depending on entropy dilution),
a value that is forbidden by present cosmological limits. In this addendum we analyze these
effects.
We show, always using analytic expressions as in our previous studies, that the regions
allowed by all sterile neutrino bounds are not affected by the present considerations.
– 1 –
2 Approaching Thermalization
In our analysis of Paper I, we assumed fνs  fνα and thus neglected the second term on
the right hand side of the Boltzmann equation(
∂fνs(E, T )
∂T
)
=E/T
= −Γs(E, T )
HT
[fνα(E, T )− fνs(E, T )] , (2.1)
where H is the expansion rate of the Universe (see Eqs. (2.1), (2.3) to (2.5) and Fig. 1 of
Paper I), Γs(E, T ) is the conversion rate of active to sterile neutrinos (see Eqs. (3.4) to (3.7)
of Paper I),  = E/T = |~p|/T is the T -scaled dimensionless momentum and the derivative on
the left hand side is computed at constant . This equation assumes fνs , fνα  1. Neglecting
fνs on the right hand side amounts to neglecting the inverse oscillation process νs → να. This
is a good approximation for most of the large parameter space we studied with our analytic
methods, 0.01 eV < ms < 1 MeV and 10−13 < sin2 2θ < 1. However, the approximation fails
for very large mixing angles, for which sterile neutrinos thermalize, thus fνs = fνα and the
right hand side of Eq. (2.1) vanishes.
The way in which fνs approaches fνα with increasing mixing angle is quantified by the
solution fνs−nl to Eq. (2.1) [14]
fνs−nl(, T ) =
(
1− e−K(,T )
)
fνα =
[
1− exp
(
−fνs−lin(, T )
fνα()
)]
fνα() . (2.2)
We call this solution “non-linear”, fνs−nl, to distinguish it from the “linear” solution, fνs−lin,
of the Boltzmann equation without fνs on the right hand side. The solutions fνs−lin for the
different cases we studied are presented in detail in Paper I. Here, K(, T ) is defined as
K(, T ) =
∫ ∞
T
dT
(Γs(, T )
HT
)

= fνs−lin(, T )
fνα()
, (2.3)
for all the cosmologies we consider except LRT for which the upper limit of integration is
a finite constant temperature TRH (see below). Notice that the integral is performed while
keeping  constant. We assume that there are no sterile neutrinos present before non-resonant
production takes place. Eq. (2.2) can be easily verified to be the solution to Eq. (2.1) by
substitution. Our previous solution is readily recovered as fνs−lin becomes much smaller than
fνα and we then keep only the first non-trivial term in the exponential.
Eq. (2.3) corresponds to Eq. (3.10) of Paper I, except that in Paper I we approximated
the lower limit of integration with T = 0. This is justified as the temperatures of interest
are much lower than the temperature Tmax at which the sterile neutrino production rate
(∂fνs/∂T ) (neglecting fνs in the right hand side of Eq. (2.1)) has a sharp maximum. For the
STD cosmology, Tmax is
T STDmax = 145 MeV
(
ms
keV
) 1
3
−
1
3 , (2.4)
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and it is similar in the K, ST1 and ST2 cosmologies (see Eqs. (3.8), (3.9), (A.2) and (A.3)
of Paper I). Hence, fνs−lin becomes a function of  only. This is a good approximation for
the STD, ST1, ST2 and K cosmologies for which the solutions fνs−lin() can be found in
Eqs. (3.12), (3.13), (A.6) and (A.5) of Paper I, respectively.
In the LRT model, all of the sterile neutrino production is assumed to occur only during
the late standard cosmology phase, at T < TRH below the reheating temperature. Thus, the
upper limit of integration in Eq. (2.3) becomes TRH. As the maximum of the production
happens very close to TRH, the lower limit of integration can again be taken to be T = 0, and
in this case fνs−lin() is given in Eq. (A.7) of Paper I.
Notice that fνs−nl in Eq. (2.2) approaches the active neutrino distribution as the lin-
ear solution fνs−lin grows larger than fνα . This is a non-physical solution of the Boltzmann
equation due to not taking into account fνs on the right hand side.
As we will now show, the function fνs−nl departs significantly from the linear solution
fνs−lin given in Paper I for mixing angles that are forbidden by the dark matter density
condition Ωs < ΩDM and by the upper limit Neff < 3.4 on the effective number of relativistic
active neutrino species present during BBN. As these regions are already forbidden, the
resulting limits of Paper I are unaffected.
In order to derive all limits that depend on the sterile neutrino number density nνs , one
needs to integrate fνs−nl over momenta to obtain nνs . Following our previous notation we will
denote the integration result as “non-linear” number density nνs−nl, and the number densities
we presented before in Paper I as “linear” nνs−lin. The integration needs to be performed
numerically, unless the ratio (fνs−lin/fνα) is a constant independent of . This is the case for
the STD and ST2 cosmologies, where(
nνs−lin
nνα
)
=
(
fνs−lin
fνα
)
(2.5)
and we can obtain the exact solution for nνs−nl,(
nνs−nl
nνα
)
= 1− e−(nνs−lin/nνα ) . (2.6)
Following our analysis of Paper I, we will proceed with an analytic treatment. We are
going to find approximate analytic solutions for nνs−nl for the other cosmologies we consider
in which Eq. (2.5) does not hold, because the ratio (fνs−lin/fνα) depends on . The exact
solution would require integration over momentum of an exponential function of . Since the
dependence of the (fνs−lin/fνα) ratio on  is weak, our approximation is justified.
With the dark matter abundance ΩDMh2 = 0.12, a fully thermalized sterile neutrino,
with the relic number density of an active neutrino species, would constitute all of dark
matter if its mass is ms = 11.5 eV. Thus, there is no dark matter density bound for lighter
sterile neutrinos, when ms < 11.5 eV, since the number density of sterile neutrinos is at most
equal to that of one active neutrino. Above and close to this limiting mass value, taking into
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account the non-linear solution fνs−nl modifies the dark matter density limit with respect to
the results of Paper I.
In order to find an approximate analytic solution for nνs−nl, let us start by defining a
pre-factor C such that Eq. (A.10) of Ref. [15] for the sterile neutrino relic number density is
nνs−lin = C sin2 2θ (2.7)
(i.e. C includes all the factors independent of the active-sterile mixing angle). When the
density of sterile neutrinos accounts for all of the dark matter, i.e. when ρνs = ρDM, the
non-linear solution for the number density satisfies
ρDM = ms nνs−nl = 11.5 eV nνα . (2.8)
We denote dark matter density limit obtained using nνs−lin, as in Paper I, as (sin2 2θ)old that
is a function of ms. Thus, we can now state Eq. (A.25) of Paper I for the dark matter fraction
in sterile neutrinos for the K and ST2 cosmologies (or specifically Eqs. (A.26) and (A.27))
and Eq. (A.28) for the same fraction for the LRT model, setting these fractions to 1, as
1 = nνs−linms
ρDM
= C(sin
2 2θ)oldms
ρDM
. (2.9)
Using Eqs. (2.7), (2.8) and (2.9) we can relate nνs−nl with the Paper I dark matter limit
(sin2 2θ)old,
C(sin2 2θ)old
nνα
= ρDM
msnνα
= 11.5 eV
ms
= nνs−nl
nνα
. (2.10)
This allows to define (sin2 2θ)new such that the ratio (nνs−nl/nνα) in Eq. (2.6) satisfies
Eq. (2.10) when (sin2 2θ)new is used in nνs−lin in the exponent in the same equation, so
that (nνs−nl/nνα) = 11.5 eV/ms. Hence,
11.5 eV
ms
= 1− exp
(
−C(sin
2 2θ)new
nνα
)
. (2.11)
Replacing here nνα by C(sin2 2θ)oldms/11.5 eV using Eq. (2.10), the Eq. (2.11) can be rear-
ranged to give the new mixing angle for the dark matter density limit (plotted in the figures)
in terms of the old mixing angle (see Eqs. (A.29) to (A.32) of Paper I)
(sin2 2θ)new = (sin2 2θ)old
ms
11.5 eV ln
[
ms
ms − 11.5 eV
]
. (2.12)
This is the boundary of the dark gray regions where Ωs > ΩDM shown in Fig. 1 and Fig. 2.
Except in a region close to or below ms = 11.5 eV, which is rejected by the (cyan) Neff
BBN limit, the present dark matter density limits are the same as those in Paper I. Thus the
allowed regions have not changed.
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Figure 1: Present relic abundance, limits and regions of interest in the mass-mixing space
of a νs mixed with νe, for the LRT cosmology with TRH = 5 MeV [10]. g∗ = 10.75 is used for
ms < 11.5 eV, and g∗ = 30 above. Shown are the fraction of the DM in νs of 1 (black solid
line) and 10−1, 10−2 and 10−3 (black dotted lines), the forbidden region Ωs/ΩDM > 1 (shaded
in dark gray), lifetimes τ = tU , trec and tth of Majorana νs (straight long dashed red lines),
the region (SN) disfavored by supernovae [16] (horizontally hatched in brown), the location
of the 3.5 keV X-ray signal [17, 18] (black star). The regions rejected by reactor neutrino (R)
experiments (Daya Bay [19], Bugey-3 [20] and PROSPECT [21]) shown in green, limits on
Neff during BBN [22] (BBN) in cyan, Lyman-alpha limits [23] (Ly-α/HDM) shaded in light
gray, X-ray limits [24–26] including DEBRA [27] (Xray) in green, 0νββ decays [28] (0νββ) in
orange and CMB spectrum distortions [29] (CMB) diagonally hatched in red. Current/future
sensitivity of KATRIN (KA) in the keV [30] and eV [31] mass range, its TRISTAN upgrade
in 3 yr (T) [30] shown by blue solid lines. Magenta solid lines show the reach of the phase 1A
(H1) of HUNTER, and its upgrade (HU) [32]. The 4-σ band of compatibility with LSND and
MiniBooNE results (MB) in Fig. 4 of [33] is shown densely hatched in black. The three black
vertical elliptical contours are the regions allowed at 3-σ by DANSS [34] and NEOS [35] data
in Fig. 4 of [36]). Orange solid lines show the reach of PTOLEMY for 100 g-yr (P) exposure
(from Figs. 6 and 7 of [37]). See Paper I for details. The thick blue line represents the
thermalization condition fνs−lin = fνα and the thick black line shows fνs−lin = 3fνα . Notice
that the LRT model goes into the STD cosmology when Tmax is not larger than TRH = 5
MeV, i.e. for ms < 0.1 eV.
3 Thermalization
The production of sterile neutrinos saturates when they thermalize, when fνs = fνα , and
thus the right hand side of the Boltzmann equation Eq. (2.1) is equal to zero. In Fig. 2, the
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Figure 2: Present relic abundance, limits and regions of interest for standard, kination
and scalar-tensor cosmologies. See caption in Fig. 1. Here the thick blue line represents the
condition Γ/H|Tmax = 1 that coincides with fνs = fνα as in Fig. 1. The discontinuity in the
limits is due to our use of just two values for g∗, 10.75 below and 30 above ms = 11.5 eV (see
explanations in the text).
region of thermalization where Γ/H|Tmax ≥ 1 is demarcated with a solid blue line at its lower
boundary. When the maximum production rate Γ(Tmax) stays roughly equal to or larger
than the Hubble parameter for a significant period of time, a substantial amount of sterile
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neutrinos are produced and the population is nearly or fully thermalized.
To compute the production rates and momentum distributions we use as the characteristic
momentum  = 〈〉. 〈〉 is the average value of E/T for each cosmology (see Eqs. (3.27) and
(3.28) of Paper I)
〈〉 =

3.15, STD
3.47, K
2.89, ST1
3.15, ST2
4.11, LRT
(3.1)
In contrast to Paper I, except for LRT we use two values of the effective number of degrees
of freedom contributing to the radiation density in H, g∗ = 10.75 for ms < 11.5 eV and
g∗ = 30 for ms > 11.5 eV. This choice allows to better approximate the evolution of g∗ with
temperature [38–40]. We have chosen ms = 11.5 eV as the mass where g∗ changes, because
for this mass Tmax ' 20 MeV and this is the temperature above which g∗ starts increasing
from its value of 10.75. In Paper I we had adopted for simplicity g∗ = 30 throughout the
entire mass range, except for the Neff BBN limit, which is particularly relevant for light
sterile neutrinos, and the LRT cosmology, for which we used 10.75. Here we instead adopt
g∗ = 10.75 for all our calculations with ms < 11.5 eV as this value is more appropriate to the
sterile neutrino production and thermalization at the eV scale, specifically in the regions where
possible LSND, MiniBooNE, DANSS and NEOS sterile neutrino detection signals have been
suggested. Our choice of using two distinct values of g∗ results in an artificial discontinuity1
in all the limits in Fig. 2. In the LRT cosmology, production happens only at T < 5 MeV,
for which g∗ = 10.75, for all sterile neutrinos. Thus there are no discontinuities in the limits
in Fig. 1.
We note that the LRT model assumes that Tmax is larger than TRH = 5 MeV, which
is not true for ms < 0.1 eV. For such small masses, the LRT model becomes just the STD
cosmology. This is shown in Fig. 1, where in this low mass range all the LRT limits transition
to those of the STD cosmology as in Fig. 2. This minor distinction had not been made in
Paper I.
Solving for sin2 2θ from the condition Γ/H|Tmax = 1 we obtain the following limits (the
solid blue lines in Fig. 2),
for STD: (sin2 2θ)th = 4.86× 10−3
(
dα
1.27
)−1 (ms
eV
)−1 ( g∗
10.75
) 1
2
, (3.2)
for K: (sin2 2θ)th = 1.52× 10−2−
1
3
(
dα
1.27
)−1 (ms
eV
)− 23 ( g∗
10.75
) 1
2
, (3.3)
for ST1: (sin2 2θ)th = 1.38× 1030.27
(
dα
1.27
)−1 (ms
eV
)−1.27 ( g∗
10.75
) 1
2
, (3.4)
1Had we instead considered the true value of g∗ that is a continuous function of temperature, such discon-
tinuity would be absent.
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and for ST2: (sin2 2θ)th = 1.56× 10−4
(
dα
1.27
)−1 (ms
eV
)−1 ( g∗
10.75
) 1
2
. (3.5)
We have confirmed that these limits derived from Γ/H|Tmax = 1 practically coincide with
those corresponding to fνs−lin = fνα , which we thus do not display separately in Fig. 2.
For the LRT model, considering that the maximum production rate is at TRH = 5 MeV,
we could be tempted to use Γ/H|TRH = 1 as the condition for thermalization. However, when
employing this condition throughout the whole range of integration in T , from 0 to TRH,
to obtain K(, T ), the integrand is smaller than 1. Thus, this is not a good condition of
thermalization for this model. Since in all the other models we consider the thermalization
condition based on Γ/H coincides with the condition fνs−lin = fνα , we thus adopt fνs−lin = fνα
as the condition for thermalization in the LRT model. This condition translates into
(sin2 2θ)th = 2.78× 10−1 −1 , (3.6)
which is shown with the thick blue line in Fig. 1.
Notice that we have considered the condition Γ/H > 1 for chemical equilibrium of sterile
neutrinos, since the rate Γ we used is the production rate. Kinetic equilibrium happens at
larger mixing angles than chemical equilibrium. The reason for this is that the sterile neutrino
scattering rate contains an extra sin2 θ factor over the production rate. Thus, sterile neutrinos
that are not in chemical equilibrium (i.e. for which the production rate is Γ < H) are also
not in kinetic equilibrium, they are decoupled from the thermal bath.
On the thick blue lines in the figures, fνs−nl = (1−e−1)fνα = 0.63fνα . In Fig. 1 and Fig. 2
we also display with a solid black line where fνs−lin = 3fνα , and thus fνs−nl = (1− e−3)fνα =
0.95fνα , where nearly full thermalization occurs. Above this black line, the sterile neutrino
momentum distribution rapidly becomes fνs = fνα with increased mixing (i.e. the right hand
side of the Boltzmann equation Eq. (2.1) goes to zero). The equations of the thick black line
in the figures are:
for STD: sin2 2θ = 1.73× 10−2
(
dα
1.27
)−1 (ms
eV
)−1 ( g∗
10.75
) 1
2
, (3.7)
for K: sin2 2θ = 4.29× 10−2− 13
(
dα
1.27
)−1 (ms
eV
)− 23 ( g∗
10.75
) 1
2
, (3.8)
for ST1: sin2 2θ = 5.27× 1030.27
(
dα
1.27
)−1 (ms
eV
)−1.27 ( g∗
10.75
) 1
2
, (3.9)
for ST2: sin2 2θ = 5.52× 10−4
(
dα
1.27
)−1 (ms
eV
)−1 ( g∗
10.75
) 1
2
, (3.10)
and for LRT: sin2 2θ = 8.34× 10−1−1 . (3.11)
Eqs. (2.5) and (2.6) emply that fνs−lin = 3fνα corresponds to nνs−nl/nνα ' 0.95, which leads
to ρs = ρDM for ms = 11.5 eV. In fact, in the figures the thick blue line intersects the dark
– 8 –
matter density limit near ms = 11.5 eV, as expected.
4 Concluding Remarks
We have considered the approach of sterile neutrinos to thermalization that happens for
large enough active-sterile mixing angles. We showed that the allowed regions of parameter
space found in Paper I are not affected by these considerations. In particular, the interesting
region in which there are several suggested potential signals of a light sterile neutrino with
mass close to 1 eV are free from cosmological bounds in the ST1 and LRT cosmologies.
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